ABSTRACT Millimeter-wave (mmWave) communications are capable of providing gigabit-per-second data rate for future wireless networks. However, mmWave links have the major issues of high propagation loss and shadowing. In access networks, due to the propagation loss and shadowing, a mobile node may fail to communicate directly with its base station. In that case, one of the practical solutions is to communicate via a relay. This paper considers a heterogeneous access network in which if the access link of a mobile node suffers from an outage, some other idle mobile nodes are selected to act as relays. The links from these relays to the mobile node are device-to-device connections. The relay selection problem is formulated as a coalitional game in which each outage link corresponds to a coalition, while each mobile relay is a player. We propose the proportional switching algorithm that allows the players to switch among the coalitions sequentially until stability is reached. Compared with the conventional approaches, the proposed algorithm can obtain the proportionally fair solution of the mobile nodes' performance. The mathematical analysis shows that the switching algorithm always converges to the stable solution. The simulation results verify that analysis; in the meantime, those results provide the evaluations for the proportionality and performance of the proposed algorithm. The algorithm is shown to achieve the proportionally fair results while producing significant improvements in system performance compared with the non-cooperative approach and nonproportional algorithms.
I. INTRODUCTION
Millimeter-wave (mmWave) communications are expected to provide high data rate connections for the next-generation networks. However, because of their high path loss and shadowing, the mmWave links are subject to blockage and limited transmission range. For example, walls and human bodies can cause severe blockage in indoor mmWave networks [1] . One of the solutions to these problems is to transmit via relays when the direct link experiences an outage. Relaying has been shown to produce significantly larger coverage and higher data rates for mobile networks [2] .
We consider a two-tier heterogeneous system with one macro cell base station (MBS), several small cell base stations (SBSs) and some mobile nodes. The mobile nodes that fail to communicate directly with their base station (BS) are called mobile terminals (MTs), while the idle mobile nodes acting as relays are called mobile relays (MRs). The SBSs connect to their MTs using mmWave bands, while the MBS connects to its MTs using traditional low-frequency bands. In this paper, when a cellular link is out-of-range or blocked, some idle mobile nodes will assist by acting as 2-way 2-hop decode-and-forward half-duplex relays. Instead of selecting one best relay as in [3] , we select multiple relays in each algorithmic execution. Since the relay selection algorithm requires information exchange in each execution, that algorithm can select multiple relays in order to reduce the number of executions, maintaining low overhead. On the other hand, multi-hop relaying is not considered in this research because, in cellular systems, the multi-hop relaying gain is hardly worth the cost of signaling overheads, scheduling delays, and interference [4] .
Device-to-device (D2D) communication is an emerging technology in which two proximate nodes communicate directly using licensed spectrum. It provides various applications in the next-generation networks, e.g., relaying, improving network capacity [5] , [6] . In this paper, the mmWave relay link between each MT and its MR employs D2D communication. To deal with the issue of path loss and shadowing, an operator can also deploy fixed/infrastructure relays. However, opportunistically exploiting the idle mobile nodes is preferable since it does not change the system topology or infrastructure significantly [4] .
While the problem has the many-to-one matching nature of a relay selection formulation, we model this problem using coalitional game, which provides strong supports of the stability and optimality analyses. Specifically, the formulation, mathematical analysis, and the proposed algorithm are presented from the perspective of coalition formation game. The objective is to maximize the coverage probability of the MTs. The MRs form coalitions, each coalition includes one MT and a number of MRs; then those MRs act as relays for the MT. The characteristic function of a coalition is the coverage probability of its MT. Based on the idea of merge-split process which is a common approach for solving coalition formation game, we propose proportional switching algorithm that allows us to obtain the proportionally fair solution of the MTs' performance. A straightforward merge-split process can not guarantee fairness because the proportionality is not considered.
Since stability is an important notion of the coalition formation game, in the mathematical analysis, we investigate the stability of the proposed algorithm. The convergence and complexity of this iterative algorithm are also analyzed. In the numerical analysis, we first verify the convergence and stability, then evaluate the proportionality and performance of the proposed algorithm. These evaluations show that the algorithm achieves high proportionality, coverage probability and sum rate compared to the one-shot max-min non-cooperative approach and the non-proportional algorithms.
The contributions of this paper are as follows.
• The relay selection problem in mmWave heterogeneous networks is modeled using the coalition formation game. While it has the many-to-one matching nature, we formulate and analyze it from the perspective of game theory.
• We propose the proportional switching algorithm and introduce the notion proportional contribution of a player in a coalition. This algorithm allows us to obtain the proportionally fair solution of the system performance.
• We provide theoretical analysis to investigate the convergence, stability, and complexity of the proposed algorithm. Then, the numerical simulations are conducted to verify those analyses and evaluate the performance of the algorithm.
II. RELATED WORKS
There are many research works considering the relay selection problem in the cellular systems. Those studies can belong to random relay, best relay or optimal relay approaches, which have different levels of performance and complexity [2] . For example, the study in [7] focused on random relay while using best relay as benchmarking. In [8] , the authors focused on best relay approach in order to find the least delay multi-hop path. In this paper, our strategy can be interpreted that it targets the trade-off between the performance and complexity of relay selection approaches. The algorithm finds the best relays that maximize the system performance with reasonable computational complexity.
There are some studies on the relaying problem in mmWave communications [4] such as [9] and [10] , some of them consider D2D-assisted relaying. The research in [9] considered the mmWave small cells systems; the algorithm searched for multi-hop relaying paths to steer the blocked links around obstacles. The algorithm also tried to find the relaying paths with better use of concurrent transmissions and spectral resource. In [10] , the relay selection schemes were proposed to improve the capacity of D2D-based wireless personal area networks. The authors introduced two schemes, namely, receiver based relay selection that depends on SINR measurement, and distance based relay selection that chooses the midmost nodes to act as relays. Regarding the D2D-assisted relaying in mmWave communications, Wu et al. [4] studied the downlink coverage probability of the hybrid millimeter/microwave cellular networks. The authors focused on deriving the coverage probability under different realizations of channel models, in order to analyze the influence of environment on the network performance. In [11] , Niu et al. employed D2D links to create the high-quality transmission paths in mmWave small cells systems. Differ from our works, that research considers the joint scheduling problems of access and backhaul in the small cells.
There is limited research on relay selection in mmWave cellular networks. In [12] , the authors investigated the relay selection problem in one-tier cellular networks based on obstacle analysis. The algorithm finds one relay for each outage link by probing the potential relays until the expected spectral efficiency reaches a threshold. In [13] , the authors studied the performance of mmWave connections in a one-tier small cell network. The problem is formulated as a minimization problem of outage probability. However, in that research, a systematic analysis of the formulation and algorithm is not provided. In [2] , the authors investigated the benefit of deploying fixed relays in an outdoor one-tier cellular system. The algorithm finds the best random relaying path using order statistics.
Due to the emerging of mmWave communications and the promising benefits of mmWave-assisted relaying, we need to have a systematic analysis for the selection of multiple mobile relays in the mmWave multi-tier heterogeneous networks. In this paper, the relay selection problem is modeled from the coalitional game-theoretic perspective, and it is solved by a distributed algorithm. The convergence, stability and complexity of this algorithm are analyzed through theoretic and numerical analyses. In the algorithm, the players distributively switch among coalitions until stability is reached. 
III. SYSTEM MODEL A. NETWORK MODEL
We consider a heterogeneous network with m mobile nodes acting as MTs and n idle mobile nodes acting as MRs. Fig. 1 depicts that network with 1 MBS, 1 SBS, 2 MTs and 5 MRs. The direct links between the MTs and their BSs are supposed to be blocked or out-of-range, then we select some idle mobile nodes to assist. In Fig. 1 , the MT in the small cell is blocked by an obstacle, while the MT in the macro cell is out of transmission range. In each relay link, the first hop is the cellular link between the BS and MR, while the second hop is the D2D mmWave link between the MR and MT. In the small cell, since the MR is half-duplex, the second hop uses the same spectrum with the first hop. In the macro cell, the second hop uses dedicated spectrum. The transmission power of the BSs and mobile nodes is predefined.
The mmWave communication between directional antennas characterizes a high-frequency propagation environment, which is different from that of low-frequency communications. Among two common categories of directional antenna, namely, conventional sectorized and adaptive antenna, this paper considers the adaptive antenna with flat-top model [13] , [14] . The mmWave links have highly directional transmission and narrow beamwidths. Moreover, since the mmWave networks tend to be noise-limited [15] , [16] , the interference is assumed to be negligible. 
B. COALITIONAL GAME FORMULATION
Each MT u corresponds to a coalition, and that coalition is denoted as I u , then several MRs can join this coalition in order to assist u. The game players play in a cooperative manner, that is, when a mobile node cooperates, it implicitly supposes that other mobile nodes also cooperate. The main intuition behind this assumption is that when an MR assists an MT, it may afterward become an MT, then it is also assisted by some MRs. In this way, the coverage probability of an MT can be interpreted as the payoff of the whole coalition. The overall objective of the problem is to maximize the coverage probability of the MTs, that is
where v(I ) = q u P cov (u) and P cov (u) is the coverage probability of u, with I = I u . The symbol q u is the amount of energy that the MT u consumed in relaying for other MTs. The energy is normalized to the highest amount of consumed energy among the MTs. This energy represents the contribution of a mobile node to the performance of the whole system. When a mobile node consumes more energy to assist other nodes, it has higher chance to be assisted. The formulation of q u reflects the law of cause and effect in energy consumption. Each coalitional partition I is an assignment of the MRs to the coalitions. The following initial eligibility rule defines when an idle mobile node is allowed to become an MR.
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Definition 1 (Initial Eligibility Rule): An idle mobile node i is allowed to become an MR if and only if there exists an MT u such that (i) u associates to the same BS with i, and (ii) the
where ε is a predefined threshold. The set of all eligible MTs corresponding to MR i is denoted as U i .
FIGURE 2. Relaying and non-relaying coalitions.
We formulate a coalitional game in which the players are MRs, and the characteristic function is v(I ). There are totally m + 1 coalitions; they belong to two categories, namely relaying and non-relaying coalition. When some MRs join with an MT, they form a relaying coalition. On the contrary, the MRs that cannot join with any MT will form the nonrelaying coalition (Fig. 2) . Since each MR corresponds to a relay link, the symbol i is used to denote either an MR or its corresponding relay link. For notational simplicity, we use the symbol I u to denote either a relaying coalition or a nonrelaying coalition. In this way, the non-relaying coalition is also assumed to correspond to a virtual MT. The payoff of the non-relaying coalition is zero, while that of a relaying coalition is v(I u ) = q u P cov (u).
In order to formulate the coverage probability, we need to characterize the propagation of both mmWave and traditional low-frequency links. The first hop of a relay link in small cells is a mmWave connection, while that of the macro cell is a traditional low-frequency connection. Therefore, their coverage probabilities are formulated differently.
Researchers can analyze the mmWave links by explicitly modeling the propagation environment based on geographic information, or using stochastic model [17] . We utilize the latter; specifically, the propagation of mmWave is based on Rayleigh fading [18] and flat-top antenna model. In that model, the power gain is non-zero inside the beamwidth and zero outside the beamwidth. The gain at a receiver inside the beamwidth of a transmitter is
where c ∝ λ 4π 2 depends on the wavelength λ, η hig is the path loss exponent of the mmWave links, d is the distance between the transmitter and receiver, G tx and G rx are the antenna gains of transmitter and receiver, respectively. Proposition 1: Given that the propagation channel is subject to Rayleigh fading, the coverage probability of a small cell MT u is
wherep i k is the average received powers of the k-th hop on the relay link i, and ρ i k is the probability that the k-th hop is not blocked. The signal-to-noise ratio (SNR) threshold of MT u is γ u thr and the noise power is n 0 . Proof: The transmission on each relay link i is successful when the transmissions on both hops are successful; therefore, the coverage probability of MT u with respect to MR i is
where p i k and γ i k are the received power and the SNR of the k-th hop on the relay link i, respectively. Since the channel is subject to Rayleigh fading, as in [10] , [19] , and [13] , the instantaneous received signal power follows an exponential distribution with probability density function
wherep is the average received power. Then the coverage probability of MT u with respect to MR i is
As a result, the overall coverage probability of u is
We note that the average received power is computed based on the general signal propagation model aŝ
where
are the distance, transmit power, transmitter antenna gain and receiver antenna gain of the k-th hop on the relay link i, respectively.
Similar to the small cell MT, the coverage probability of macro cell MT u is
where P i 1 (u) is computed based on the general propagation model [20] as
with erf (x) = 2 √ π x 0 e −t 2 dt is the error function and σ is the standard deviation in dB of the associated Gaussian distribution. The average received power in dB is given aŝ
where η low is the path loss exponent of the low-frequency links, δ i 1 is the average received power at reference distance D, and d i 1 is the distance of the first hop on the relay link i. Then the coverage probability of macro cell MT u is
IV. ALGORITHM
In this Section, we first introduce a non-cooperative approach for the formulated game as benchmarking, then propose our proportional switching algorithm. We note that the coverage probability of the MTs in both small cell and macro cell will be presented in a common formulation, instead of two separate formulations.
A. NON-COOPERATIVE ALGORITHM
We denote u(i) and u(−i) as the strategies currently played by i and other MRs, respectively. Then I u(i) is the coalition that MR i currently plays. When the above formulation is viewed from the non-cooperative perspective, the payoff of each MR i ∈ I u(i) can be computed based on the difference between the coverage probability of I u(i) with i and without i, that payoff is
where P j cov (u(i)) is the coverage probability that MR j contributes to the MT u(i).
Algorithm 1
The Alg. 1 presents a non-cooperative one-shot algorithm that is based on the min-max value. In the algorithm, I denotes the set of all eligible MRs while U is the set of all MTs. This algorithm finds the one-shot solution at the expense of the enumerating complexity and system performance inefficiency. Specifically, each player enumerates the strategy profiles, computes their payoff, then selects the strategy that leads to the min-max payoff. On the other hand, while the cooperative algorithms emphasize on system performance and group rationality [21] , [22] , the non-cooperative algorithm focuses on individual performance and therefore the system efficiency may not be guaranteed [22] .
To address those issues of a non-cooperative one-shot algorithm, we propose the iteratively proportional switching algorithm which is based on the cooperative approach. When acting cooperatively, the players can select the systemefficient strategy, instead of selecting the strategy that maximizes their worst-case payoff. Similar to the idea of the Folk Theorem [23] , in order to search for the solutions that have higher efficiency, a penalty or feedback information needs to be input into the iterative procedure. In this paper, instead of using the penalty or feedback, we propose an iterative algorithm that is based on cooperativeness. In the algorithm, the players play sequentially to improve the overall system performance, considering the coalition payoff.
On the other hand, the proposed algorithm can achieve the proportionally fair solution of the MTs' performance. In practical networks, the MTs' performance depends on their geographic distribution and the channel characteristics. As a result, we need to avoid the situation in which the favored MTs receive most of the relaying capacity. In the proposed algorithm, each MT receives the relaying capacity according to its demand.
B. PROPORTIONAL SWITCHING ALGORITHM
In the proposed algorithm, the players sequentially switch among the coalitions to maximize the system payoff (Alg. 2). First, the coalitional partition is initialized, then each MR i VOLUME 6, 2018
Algorithm 2 Proportional Switching Algorithm
Initialize the relaying coalitions I = ∅ Initialize the non-relaying coalition I = I U i = {u| initial eligibility with respect to i is satisfied}, i ∈ I Each MR i exchanges CSI with the MTs u ∈ U i while not converged do for each u ∈ U do
Computes α u = q u j∈I u 1 − P j 1 (u)P j 2 (u) Feedbacks α u to the MRs i ∈ I end for for each i ∈ I do Denote its coalition as u(i)
Inform u(i) and u * (i) about the switching end if end for end while Update q i , i ∈ I finds the set U i based on the initial eligibility rule. Each MR i also exchanges the channel state information (CSI) with the MTs u ∈ U i . Within each iteration, each MT u computes α u , feedbacks this value to the MRs; then each MR finds its best coalition. If an MR i performs a switch, it informs two corresponding coalitions about that switching.
The valuev i (I u ) can be interpreted as the contribution of the MR i to the MT u becausev i (I u ) is identical to the coverage probability of the MT u with respect to the MR i. The value α u can be interpreted as the neediness of the MT u since α u equals to the probability that the MT u is not assisted by any MR. When the optimal partition is found based on the proportional contribution α uvi (I u ), each MT receives the relaying capacity that is proportional to its neediness. The intuition behind this proportionality is that the marginal contribution of each MR is viewed differently by different MTs.
We assume that the network topology and CSI remain unchanged during the algorithmic execution. The MRs are able to measure the CSI parameters of their connected links in order to estimate ρ i k andp i k . Channel estimation process needs to be performed periodically by the mobile nodes to collect and exchange the CSI information. However, the MRs are not required to collect the information about either their disconnected links or their neighboring MRs.
V. ALGORITHM ANALYSIS A. CONVERGENCE AND STABILITY
In order to maximize the objective (1), the switching process of the proposed algorithm needs to base on the utilitarian order, that is, a partition I will transform to another partition I if
Lemma 1: The switching process in the Alg. 2 follows utilitarian order.
Proof: Consider an MR i which is switching from its current coalition u(i) to the coalition u * (i), we denote u = u(i), u * = u * (i), I = I u(i) \{i}, I * = I u * (i) \{i} and
then we havev
andv
In Alg. 2, since u * (i) = arg max u∈U i α uvi (I u ) and
or
The MR i switches from u(i) to u * (i) when the inequality (22) is satisfied. This means that the switching is performed when the condition (14) holds. Therefore, the Alg. 2 is based on the utilitarian order. Based on Lemma 1, we analyze the stability of the proposed algorithm. In a coalitional game, two important stability notions are D hp -stability and D c -stability. We briefly describe these notions in the following definition.
Definition 2: A partition is D hp -stable if it cannot be changed by the merge-split process, while a partition is D c -stable if it cannot be changed by any process, e.g., mergesplit, interchange.
As shown in [24] - [26] , the existence of D c -stability depends on the network scenario. We can interpret that the D c -stability exists when there is a partition in which (i) the players of each coalition prefer staying with each other and (ii) any pair of player groups from two different coalitions prefers staying in those two separate coalitions. In relay selection problem, these conditions hold when each MR provides its most contribution to its MT, while providing less contribution to other MTs. The existence rate of the D c -stability is high when only the most relevant idle mobile nodes are chosen. In the proposed algorithm, we use the initial eligibility rule to increase that existence rate. Proof: Given that the system has n MRs and m+1 coalitions, the quantity of coalitional partitions is finite; specifically, in the worst case,
is the Stirling number of the second kind [27] and C l n is the combination of n taken l,
n C l n . Moreover, as shown in Lemma 1, the switching process is based on the strict inequality (22) , then the sum of payoff always increases; so the iteration cannot contain loops. As a result, the algorithm will be terminated, converging to the D hp -stable partition. Also, since the switching process is based on the utilitarian order, if D c -stability exists, the converged partition is D c -stable and it maximizes the social welfare [23] .
B. COMPLEXITY AND SIGNALING OVERHEAD
In the worst case, the number of coalitional partitions is as in Proposition 2. According to Definition 1, only the idle mobile nodes that satisfy the initial eligibility rule are chosen to act as MRs. However, that satisfaction depends on many factors, e.g., the nodes' distribution, user association, channel state. As a result, in practical networks, the quantity of MRs of each MT is low, which means that the number of coalitional partitions is limited. On the other hand, differ from the straightforward merge-split process where the coalitions merge and split randomly, the proposed algorithm allows each MR to join the coalition with the highest contribution, increasing the possibility that the switching process reaches the final partition.
The complexity also depends on the quantity of the possible splitting partitions in each split operation. That quantity in the straightforward merge-split process is n l=0 S (l) n . As in [8] , [24] , and [28] , the number of possible partitions grows exponentially with the number of MRs. In the proposed algorithm, the deciding agent is a single player, rather than the whole sub-coalition as in the straightforward merge-split process. Therefore, we avoid enumerating possible splitting partitions. On the other hand, when the deciding agents are the sub-coalitions, the algorithm is required to implement merging proposals, which are the merging requests that a subcoalition sends to another. In the worst case, the total number of merge proposals is O(n 3 ) [8] , [29] .
The signaling overhead of the proposed algorithm is analyzed through the outgoing and incoming traffic rate of the nodes. Suppose that each node executes the relay selection algorithm every T ms. This duration is much larger than the duration of resource allocation in cellular networks, e.g., the resource allocation duration in Long-Term Evolution with Time Division Duplexing is 10ms. We assume that the nodes use 1 bit to transmit a binary number and use 16 bits to transmit a floating number.
At the initialization stage of the algorithm, for each MT to compute the neediness, each MR i sends to the MTs the information of channel gain, average received power and ρ i k . Denote the amount of this information as H , the outgoing signaling traffic rate of an MR i is
where L is the number of iterations required for convergence, and |U i | is the cardinality of U i . We note that when the MR i switches from a coalition to another, it informs only two corresponding MTs. The outgoing signaling traffic rate of an MT u is
where |I u | is the cardinality of I u . The signaling overhead is not affected significantly by H since H is not scaled with the number of iterations L. When |U i |, |I u | and L are in the order of hundreds, the signaling overhead of the proposed algorithm is small compared to the overhead in [30] and [31] , which is in the order of hundreds of Mbps and Kbps, respectively. In [31] , every 5ms, the nodes exchange the information of channel gain, reuse price, and interference price. The outgoing traffic rate in [31] can be computed as (25) where N is the number of subchannels in the Orthogonal Frequency Division Multiplexing system, and is the number of D2D pairs.
VI. EVALUATION
Numerical simulations are conducted to verify the analytical results and evaluate the performance of the proposed method. The experimental network is a heterogeneous system with 1 MBS and 19 SBS, located in the area of 520m×520m. Among the MTs, the ratio of mmWave MT is 0.8; therefore the network performance is influenced largely by the mmWave MTs. The mobile nodes are uniformly distributed on the network area while the MBS is centered, and the SBSs are deployed on a hexagonal grid. The process of beams discovering and steering is not considered, then the mmWave connections between the transmitters and receivers are assumed to be aligned on 2-dimensional space. The BSs transmit power at 35dBm; the antenna gains of the BSs and mobile nodes are 25dB and 13.3dB, respectively. Table 2 provides the default values of the main parameters.
To model the shadowing, we distribute the blockers on the network area according to Poisson Point Process (PPP). The blockage probability of the k-th hop on the relay link i is defined asρ i k = 1 − ρ i k . That probability is generated based on the model in [32] as followŝ
and
where δ i k is the PPP density of the blockers around the k-th hop on the relay link i. In the experiments, these density values of the relay links are generated based on PPP with density 0.004. The average size of each blocker is 1 × 1m. In practical implementation, these parameters need to be statistically computed and maintained by the MRs. 
A. CONVERGENCE AND STABILITY
In this experiment, we set the average SNR threshold γ thr to 15dB, and the propagation loss η hig to 2.17. Fig. 3 depicts the convergence results of the coverage probabilities. The probabilities of 4 MTs increase and converge after 33 iterations. For some MTs, the coverage probability drops at some points; however, since the switching process of the proposed algorithm is based on the summation measurement, the total probability is stilled increased. Similar to Fig. 3, Fig. 4 illustrates the convergence results of the average SNR. The SNR increases and converges when the coverage probability converges.
To evaluate the existence of D c -stability, we run multiple simulations with different random network scenarios. Fig. 5 is a network scenario where D c -stable partition exists. For convenient depiction, the figure only depicts the area of a small cell. In this network scenario, the mobile nodes that are most beneficial to the MTs have been selected to act as MRs. When D c -stability exists, each MR provides its most contribution to its MT and provides nearly zero contribution to other MTs.
In Fig. 6 , we plot the D c -stability existence rate with respect to the density of idle mobile nodes. As shown in Section V, the proposed algorithm can improve that existence rate. The algorithm without the initial eligibility rule is the modified version of the proposed algorithm. In that algorithm, each MT selects its most proximate idle mobile nodes as its relays. Compared to the algorithm without the initial eligibility rule, the algorithm with the initial eligibility rule achieves significantly higher existence rate. The figure also shows that the existence rate depends on the mobile node density. When there are more idle mobile nodes, the rule has more chance to select relevant MRs. On the other hand, when there are a higher number of MTs, the required quantity of idle mobile nodes is also higher, in order to provide sufficient relevant MRs.
B. PROPORTIONAL FAIRNESS
In this paper, the proportional fairness index F (I 1 , I 2 , . . . , I q ) is defined as the aggregate logarithms of the payoffs. It is given by
In an experimental network of 30 MTs, we measure the proportional fairness with respect to the ratio between the number of MRs and MTs r. The measurement of the proportional switching (PS) is compared with three other algorithms, namely fixed-relay, one-shot and optimal Relay Probing in Millimeter-Wave cellular systems with device-to-device relaying (RPM) [12] . In the RPM method, each MT probes the MRs to get the network information and select the relays. The MTs will stop probing when the MRs provide satisfied performance. Fig. 7 shows that the proportionality of the PS algorithm is higher than three other algorithms, which belong to noncooperative and non-proportional approaches. When r is small, all methods provide similarly low performance since the relaying capacity is insufficient. When r increases, all algorithms improve their performance, especially, the PS algorithm starts to show its advantage by outperforming others. However, when r reaches a certain high level, the MTs receive the maximum relaying capacity, then the proportionality shows only marginal increase. 
C. PERFORMANCE
In Fig. 8 , we plot the average coverage probability of the PS and fixed-relay approaches as a function of γ thr . The figure shows that the PS algorithm's performance is resilient to high SNR threshold; its curve drops more slowly than the fixed-relay approach. This achievement can be interpreted as the gain of mobile relaying. The figure also shows that with higher path loss, the link quality is lower, making the coverage probability reduced. 9 illustrates the coverage measurement with respect to the average blockage probabilityρ. The figure shows that while the fix-relay's curve drops instantly whenρ increases, the PS's curves remain high. Whenρ reaches a certain high level, there is a high possibility that an MT is blocked, then the PS's curves also drop. Moreover, among three scenarios of the PS algorithm, with a higher number of idle mobile nodes, the algorithm is more blockage-resilient.
In Fig. 10 , we depict the sum rate against different levels of path-loss exponent η hig . The performance is compared with another algorithm, that is Relay Selection schemes in Millimeter-wave WPANs (RSM) [3] . RSM is a distance based relay selection algorithm in which the midmost relay is selected. When multiple relays have the same minimum distance, the traffic load is used as a secondary metric. Fig. 10 shows that the PS algorithm is more resilient to high path loss as its curve drops more slowly than other approaches. In the non-cooperative approach, each player focuses on individual payoff, then plays one-shot strategy, instead of playing sequentially to improve the system performance as in the PS algorithm. Therefore, the proposed algorithm can obtain higher aggregate performance. The figure also shows that the PS algorithm achieves higher performance than the RSM and RPM methods, while outperforming the fix-relay approach. The system performance of the RSM method can be degraded when the midmost relay suffers from low channel quality. In the RPM method, the MTs stop probing when the current MRs provide satisfied performance. In this way, the MRs with higher relaying capacity may not be probed, then the partitions with higher performance may not be reached.
VII. CONCLUSION
We consider the relay selection problem in the cellular heterogeneous networks with mmWave communications, in order to deal with the issue of high path loss and shadowing. The convergence and stability of the proposed proportional switching algorithm are analyzed by the mathematical analysis, then verified by the numerical simulations. This research admits that the system stability depends on the network scenario, and the D c -stability cannot always be guaranteed, then some heuristics like the initial eligibility rule should be used. The experimental results show that the proposed algorithm can converge to the stable solution within lower than 35 iterations.
The analytical and numerical results in this paper can be used when designing and implementing the mobile relays in mmWave heterogeneous networks, especially implementing relay selection algorithms. For future works, besides relay selection, other problems such as resource allocation need to be jointly considered. In this way, the research provides a full solution for the mmWave communications in heterogeneous networks. Moreover, the mmWave channel in this research is formulated under the limited propagation models. We also need to investigate the problem in other models, then evaluate the proposed algorithm.
